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Abstract
We consider the scenario where our observable universe is devised as a dynamical four-
dimensional hypersurface embedded in a five-dimensional bulk spacetime, with a large extra
dimension, which is the generalization of the flat FRW cosmological metric to five dimensions.
This scenario generates a simple analytical model where different stages of the evolution of
the universe are approximated by distinct parameterizations of the same spacetime. In this
model the evolution from decelerated to accelerated expansion can be interpreted as a “first-
order” phase transition between two successive stages. The dominant energy condition allows
different parts of the universe to evolve, from deceleration to acceleration, at different redshifts
within a narrow era. This picture corresponds to the creation of bubbles of new phase, in the
middle of the old one, typical of first-order phase transitions. Taking Ωm = 0.3 today, we find
that the cross-over from deceleration to acceleration occurs at z ∼ 1 − 1.5, regardless of the
equation of state in the very early universe. In the case of primordial radiation, the model
predicts that the deceleration parameter “jumps” from q ∼ +1.5 to q ∼ −0.4 at z ∼ 1.17. At
the present time q = −0.55 and the equation of state of the universe is w = p/ρ ∼ −0.7, in
agreement with observations and some theoretical predictions.
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1 Introduction
Observational data indicate that, on large scales (≫ 100)Mps, the universe is homogeneous and
isotropic. Therefore, in the standard model the geometry of the universe is described by the
maximally-symmetric Friedmann-Robertson-Walker (FRW) line element. The simple power-law
FRW models, which correspond to solutions of the Einstein field equations with the barotropic
equation of state, have played an important role in cosmology explaining the overall features of the
universe.
However, these simple models are not adequate to describe the late evolution of the universe.
Recent observations of the high red-shift of type Ia supernovae [1]-[6], in concordance with data
from measurements of the fluctuations in the power spectrum of the cosmic microwave background
[7]-[13], indicate that the expansion of the universe is speeding up rather than slowing down. Since
radiation and ordinary matter are sources of attractive gravity, in general relativity an accelerat-
ing universe requires the existence of some repulsive energy, usually called “dark” energy, which
dominates over matter and violates the strong energy condition (ρ+ 3p) > 0.
On the other hand there is a substantial observational evidence that the accelerated expansion is
a recent phenomenon. That is, dark energy was unimportant in the early evolution of the universe,
but it is dominant during the late evolution [14],[15]. There are a number of models for dark
energy that describe the transition from deceleration to acceleration, within the context of FRW
cosmologies [16]-[22].
Alternative explanations for the acceleration of the universe, beyond dark energy, include phan-
tom energy [23]-[26], certain modifications of general relativity [27]-[34], the gravitational leakage
into extra dimensions [35]-[37], Chaplygin gas [38]-[40] as well as Cardassian models [41]-[42]. In
braneworld theory, non-static extra dimensions can generally lead to a variable vacuum energy,
which in turn may explain the present accelerated cosmic expansion [43]-[45].
In this paper we present a simple model where the recent accelerated cosmic expansion is a
natural consequence of embedding our universe, as a dynamical four-dimensional hypersurface, in
a five-dimensional bulk spacetime, with a large extra dimension, which is the generalization of the
flat FRW cosmological metric in 4D.
Let us explain the details of the model. In four-dimensional general relativity, when the content
of the universe is taken to be a perfect fluid satisfying the barotropic equation of state, the geometry
of the spatially flat FRW universe is described, in the usual coordinates, by the metric
ds2 = dt2 − A2t2/α[dr2 + r2(dθ2 + sin2 θdφ2)], (1)
where α is a dimensionless free parameter, and A is an arbitrary constant with dimension L−1/α.
The corresponding energy density ρ and pressure p of the cosmological fluid are given by
8πGρ =
3
α2t2
, and p = γρ, γ =
(2α− 3)
3
. (2)
The generalization of (1) to five dimensions is given by the line element
dS2 = y2dt2 −A2t2/αy2/(1−α)[dr2 + r2(dθ2 + sin2 θdφ2)]− α2(1− α)−2t2dy2, (3)
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where the unitless “fifth” coordinate y represents the large spacelike “extra” dimension. This is a
solution of the five-dimensional Einstein equations in 5D vacuum [46]. It has been applied to the
discussion of a wide variety of cosmological problems [47]-[54], and in the literature of space-time-
matter theory (STM) is known as the standard cosmological model in 5D [55].
In four dimensions, the line element (3) reduces to the familiar FRW metric (1) on any hyper-
surface Σ0 : y = y0 orthogonal to the extra dimension, and the induced energy-momentum tensor
gives back the expressions for density and pressure (2).
However, this embedding is not unique; there is more than one way for embedding a 4D spacetime
in a given five-dimensional manifold. Indeed, on any other four-dimensional hypersurface Σ : y =
f(t), which is non-orthogonal to y-lines, the induced metric is [56]
ds2Σ =
(
f 2 −
α2
(1− α)2
t2f˙ 2
)
dt2 − A2t2/αy2/(1−α)[dr2 + r2(dθ2 + sin2 θdφ2)], (4)
where f˙ = df/dt. On Σ we wish to recover the flat FRW cosmological metric
ds2Σ = dt
2 − a2(t)
[
dr2 + r2dΩ2
]
. (5)
Consequently, continuity requirements across Σ demand
f 2 −
α2
(1− α)2
t2f˙ 2 = 1, (6)
and
a(t) = At1/αf 1/(1−α). (7)
Equation (6) has two solutions: f = 1 and
f(t) =
1
2
{
Ct(1−α)/α +
1
Ct(1−α)/α
}
, (8)
where C is a constant of integration with units of L(α−1)/α. The first solution reproduces the
usual FRW scenario (1) in 4D, while the second one is similar to the power-law FRW models only
for “small” and “large” times. Consequently, on the dynamical hypersurface Σ : y = f(t) two
distinct 4D scenarios emerge from (7) and (8), depending on whether α > 1 or α < 1. After some
manipulations, we get
ds21 = dt
2 −
A21t
4/α
[C21 + t
2(α−1)/α]
2/(α−1)
[
dr2 + r2(dθ2 + sin2 θdφ2)2
]
, α > 1 (9)
and1
ds22 = dt
2 − A22
[
1 + C22 t
2(1−β)/β
]2/(1−β) [
dr2 + r2(dθ2 + sin2 θdφ2)2
]
, β < 1. (10)
where A1, A2, C1 as well as C2 are constants with the appropriate dimensions, while α and β are
dimensionless parameters. These two metrics constitute the starting point for our 4D model.
1In what follows, in order to avoid any confusion we will use β to denote α < 1
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We show that the first metric describes the early (post inflationary) evolution of the universe,
while the second one describes the late (post recombination) evolution of the universe. We require
the fulfillment of physical conditions, as well as the continuity of the first and second fundamental
forms, across the appropriate 3D surface, in order to show that the metrics (9) and (10) can be
considered as representing consecutive stages in the evolution of the universe.
Thus, on the dynamical spacetime section Σ : y = f(t), the standard cosmological model in 5D
(3) yields a simple model in 4D where different stages of the evolution of our flat FRW universe are
approximated by distinct parameterizations of the same spacetime. Indeed, by changing α ←→ β
and redefining the constants we see that (9) ←→ (10). Once again we see that apparent different
scenarios in 4D may correspond to the same physics in 5D [57].
Throughout the paper we assume that all matter fields and fluids, have positive energy density
and satisfy the dominant energy condition −p ≤ ρ ≤ p. Under these terms we obtain several
interesting results.
1. The deceleration parameter today is q = −1 + 3Ωm/2, which for Ωm = 0.3 gives q = −0.55,
in agreement with observations, [58]-[59].
2. For the equation of state of the universe w = p/ρ, we obtain w = (p/ρ) = −1 + Ωm. That is,
w = −0.7 for Ωm = 0.3 today, in accordance with observations and other theoretical models
[60]-[62].
3. In our model the cross-over from decelerated to accelerated cosmic expansion is a “first-order”
phase transition where the pressure is discontinuous and involves the release of “latent” energy
accumulated during the early evolution of the universe. The transition corresponds to a
discontinuity in a Higgs-type scalar field.
4. The transition is “almost” insensitive to the equation of state in the very early universe;
it begins at approximately the same redshift era, viz., z ∼ 1 − 1.5, for a wide variety of
primordial matter. In the case of primordial radiation, and Ωm = 0.3 today, the transition
occurs at z = 1.16± 0.12.
5. The dominant energy condition allows different parts of the universe to evolve, from one phase
to another, at different redshifts within a narrow era. This picture corresponds to the creation
of bubbles of new phase, in the middle of the old one, typical of first-order phase transitions.
Only for primordial stiff matter, the transition is an instantaneous phenomenon that occurs
everywhere at the same time.
6. The duration of the transition depend on how “stiff”, or “soft” is the primordial matter; the
softer the equation of state, the longer the transition.
This paper is organized as follows. In section 2 we show that metric (9) can indeed be used to
describe an early evolution of the universe. In section 3, we discuss the physical consequences of
metric (10) in terms of the density and deceleration parameters. We use them to constraint β as
well as to obtain the age of the universe. In section 4, we show that, without contradicting physical
requirements, the cross-over from decelerated to accelerated expansion can be depicted as a phase
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transition of first-order from the epoch described by (9) to the one described by (10). In section
5 we present an estimate for β and study the “thin” era sandwiched between, the end of the early
evolution described by (9), and the beginning of the late evolution of the universe, as described by
(10). In section 6 we discuss the results.
2 Model for the early evolution of the universe
In this section we study the features of the line element given by (9). We show that it can be used
to describe an early evolution of the universe. Then we use the dominant energy condition to put
a ceiling on its applicability.
The cosmic scale factor is given by
a1(t) =
A1t
2/α
[C21 + t
2(α−1)/α]
1/(α−1)
, (11)
with
α > 1. (12)
In what follows, in order to simplify the notation, we introduce the dimensionless coordinate x as
x = C−21 t
2(α−1)/α. (13)
With this notation, the cosmic factor (11) becomes
a1(t) = A1
[
x
1 + x
]1/(α−1)
. (14)
So, A1 is a dimensionless constant, and C1 has dimensions L
(α−1)/α.
The kinematical quantities to be used in our discussion are, the Hubble parameter
H1 =
2
αt(1 + x)
, (15)
and the deceleration parameter
q1 = −
a¨a
a˙2
=
1
2
[α− 2 + (3α− 2)x] . (16)
The matter density and pressure are obtained from the Einstein field equations. We get
8πGρ1 =
12
α2t2(1 + x)2
, (17)
and
8πGp1 =
4(α− 3) + 4(3α− 2)x
α2t2(1 + x)2
. (18)
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In the very early universe, the model exhibits good physical properties. Namely, for “small” values
of t, it reduces to a1 ≈ t
2/α, and the corresponding primordial matter distribution is
8πGρ =
12
α2t2
, 8πGp =
4(α− 3)
α2t2
,
p
ρ
=
α− 3
3
. (19)
The deceleration parameter (16) reduces to
q =
1
2
(α− 2), (20)
and the gravitational density of the induced matter is
(ρ+ 3p) = (α− 2)ρ. (21)
The above shows that (i) for α > 2 the primordial matter behaves similar to ordinary gravitating
matter (like dust for α = 3, radiation for α = 4, or stiff matter for α = 6) where the expansion
is slowing down; (ii) for α = 2 the primordial matter behaves like a network of cosmic strings
(p = −ρ/3) and (iii) for 1 < α < 2 the primordial cosmological “fluid” has repulsive properties; it
violates the strong energy condition (ρ+ 3p) > 0 and the deceleration parameter is negative.
At late times, the metric a1 shows two “exotic” features. First, instead of expanding to infinity,
a1 moves toward a constant finite value, viz., a1(t)→ A1, for large t. In other words, a1 is a spatially
flat coasting cosmology, approaching Minkowski space, asymptotically. In terms of the redshift z;
the coordinate t used in a1 does not cover the whole range z ǫ (0,∞); where z = 0 and z = ∞
represent the redshift today and at the big bang, respectively.
Second, the ratio
p1
ρ1
=
1
3
[(α− 3) + (3α− 2)x], (22)
increases to infinity with time.
In order to get rid of these exotic features, we impose some physical conditions. In this paper
we assume that all matter fields and fluids, have positive energy density and satisfy the dominant
energy condition −p ≤ ρ ≤ p.
For the case under consideration, this condition yields an upper limit for x. Namely,
xmax =
6− α
3α− 2
. (23)
Thus, the solution above will be restricted to
0 ≤ x ≤ xmax. (24)
The dominant energy condition applied to primordial matter confines the possible values of α in
a1(t). Namely,
1 < α ≤ 6. (25)
We will return to this point, with explicit examples, in section 5.
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3 Model for the late evolution of the universe
We now proceed to show that the line element (10) can be used to describe the late evolution of
the universe. We use the dominant energy condition to put a lower limit on its applicability. Then,
we discuss the interpretation of the matter quantities and find the appropriate expressions for the
deceleration and density parameters.
The cosmic scale factor is given by
a2(t) = A2
[
1 + C22 t
2(1−β)/β
]1/(1−β)
, (26)
with
β < 1, β 6= 0. (27)
In this case the dimensionless coordinate, which now we denote by y, is
y = C22 t
2(1−β)/β . (28)
In terms of this coordinate, the scale factor becomes
a2(t) = A2 [1 + y]
1/(1−β) . (29)
The corresponding kinematical quantities are given by,
H2 =
2y
βt(1 + y)
,
q2 =
1
2
(β − 2) +
(3β − 2)
2y
. (30)
The matter density and pressure are
8πGρ2 =
12y2
β2t2(1 + y)2
,
8πGp2 =
4(β − 3)y2 + 4(3β − 2)y
β2t2(1 + y)2
. (31)
This model exhibits the same exotic features as the previous one, but for t → 0, i.e., for y ≈ 0.
First, a2 = A2 at y = 0, instead of the usual a(0) = 0 in FRW models. Second, (p2/ρ2) → ∞ for
y → 0.
Again, the dominant energy condition puts away these unwanted features. This time it yields a
lower limit for y. Namely,
ymin =
3β − 2
6− β
. (32)
Thus, for the model under consideration we require
y > ymin. (33)
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For large values of t the model exhibits features that are consistent with new results in observa-
tional cosmology. To begin with, we notice that the deceleration parameter q2 becomes negative,
meaning that the late expansion of the universe is speeding up. Evidence in favor of a recent accel-
erated expansion is provided by observations of high-redshift supernovae Ia [1]-[6], as well as other
observations, including the cosmic microwave background and galaxy power spectra [7]-[13].
On the other hand, for large values of t (or y), the pressure is negative. In order to interpret
this, the usual approach is to invoke the existence of some kind of matter, sometimes called missing
or dark energy, which possesses a large negative pressure [63]. The standard candidate for this
energy is the cosmological constant [1]-[17], which looks like an ideal fluid with negative pressure
pΛ = −ρΛ.
Accordingly, we assume that the universe is filled with ordinary matter and a cosmological term,
i.e.,
8πGρ = 8πGρm + Λ,
8πGp = 8πGpm − Λ. (34)
Since the overwhelming time of the evolution of the universe is spent in the matter-dominated
domain we set pm = 0. Thus, we obtain
8πGρm =
4βy2 + 4(3β − 2)y
β2t2(1 + y)2
, (35)
and
Λ = 4
(3− β)y2 − (3β − 2)y
β2t2(1 + y)2
. (36)
We note that, although the energy-momentum tensor for vacuum looks like an ideal fluid with
negative pressure, the dynamics of a varying vacuum cannot be that of a fluid because stability would
require dp/dρ > 0. The simplest microphysical model for a variable Λ, as well as for quintessence,
is the dark energy of a single scalar field φ with Lagrangian density given by
L = −
1
2
∂µφ∂
µφ− V (φ), (37)
where V (φ) is a self-interaction potential. The stress-energy tensor for this field
Tµν = −∂µφ∂νφ−Lgµν , (38)
looks like a perfect fluid with energy density and pressure given by
ρφ =
1
2
φ˙2 + V (φ),
pφ =
1
2
φ˙2 − V (φ), (39)
where we have neglected the spatial gradient of φ.
8
In this scenario, when the scalar field φ evolves very slowly and φ˙2 ≪ V , the field energy
approximates the effect of a cosmological term with
Λ = ρφ ≈ −pφ, (40)
and the universe is dominated by the vacuum energy, which is responsible for the observed present
acceleration.
3.1 The density parameter
An essential quantity in cosmology is the so called density parameter Ωm, which is
Ωm =
8πGρm
3H3
=
1
3
[
β + (3β − 2)y−1
]
. (41)
This quantity is an observable and is related to other important observational parameters.
Relation between q and Ωm: Substituting (41) into the deceleration parameter given by (30),
we get
q2 = −1 +
3
2
Ωm, (42)
regardless of β. Thus, the deceleration parameter can be determined by measurements of Ω¯m, and
vice-versa. In particular, if we take Ω¯m = 0.3 today, then we obtain
q¯2 = −0.55, (43)
for the present acceleration, which is within the region of the suspected values for the present
acceleration of the universe [58]-[59].
Equation of state of the universe: For the total, or effective, energy density and pressure the
equation of state of the universe can be written as
w =
p
ρ
. (44)
Then, from (31) and (41) we find
w = −1 + Ωm, (45)
which for Ω¯m = 0.3 gives w = −0.7 in agreement with observations [60]-[62].
Restrictions on β: The parameter β has thus far only one condition, viz., 2/3 < β < 6, which
follows from (32). A more rigorous constraint comes from the density parameter. Evaluating (41)
today and solving for y¯ we find
y¯ = C22 t¯
2(1−β)/β =
(3β − 2)
(3Ω¯m − β)
, (46)
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where the t¯ and Ω¯m represent the present value of t and Ωm, respectively. Then, from the positivity
of y we find
2
3
< β < 3Ω¯m. (47)
In particular, for Ω¯m = 0.3 today we have that β can take any value between 2/3 and 0.9. We note
that if β = 2/3, then from (41) it follows that Ωm = β/3, i.e, Ωm = 2/9 ≈ 0.22, so that y¯ remains
finite.
Age of the universe: In order to obtain the age of the universe, t¯, we evaluate the Hubble
parameter from (30) and use the above expression for y¯. We obtain
t¯ = F (Ω¯m, β)H¯
−1, (48)
where
F (Ω¯m, β) =
2(3β − 2)
β(3Ω¯m + 2β − 2)
. (49)
Here, and it what follows, H¯ = H¯2 is the present value of the Hubble “constant”.
We see that the age of the universe depends on two parameters; viz., Ω¯m and β. This is different
from the familiar FRW cosmologies where t¯ is completely determined by Ωm. Note that F is an
increasing function of β. Therefore, for a fixed Ω¯m = 0.3, we find that the age of the universe is
larger than the dust FRW model for any β > 0.688.
4 The interface between early and late evolution
In this section we prove that the metrics (9) and (10) can indeed be considered as representing two
consecutive stages in the evolution of the universe. We show that the junction conditions can be
satisfied without contradicting physical requirements. We also present the formulae relating the
dimensionless coordinates x and y to the redshift z, which is the directly observed quantity used in
research of distant objects.
4.1 Matching conditions
We now proceed to match the metrics (9) and (10) across a 3D surface t =
∗
t= Const. At this
surface we require continuity of the cosmic factor and its first derivative, viz., a1(
∗
x) = a2(
∗
y) and
a˙1(
∗
x) = a˙2(
∗
y). This assures the continuity of the mass function, and the Hubble term, for interior
and exterior geometry.
It should be mentioned that we cannot require continuity of the second derivative of the metric;
this would lead to negative values for
∗
x. As a consequence, in or model, the cross-over from
decelerated to accelerated cosmic expansion is a first-order phase transition where the pressure is
discontinuous2.
2First-order phase transitions exhibit a discontinuity in the first derivative of the free energy F = F (V, T ). The
pressure is p = −(∂F/∂V )|T , where V and T are the volume and temperature, respectively.
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Thus, the equations to be solved are
A1

 ∗x
1+
∗
x


1/(α−1)
= A2[1+
∗
y]1/(1−β),
1
α(1+
∗
x)
=
∗
y
β(1+
∗
y)
. (50)
From the second equation we find
∗
x=
[β − (α− β)
∗
y]
α
∗
y
. (51)
Substituting this into the first one, we get
(1+
∗
y)[(α−β)/(1−β)] +
η(α− β)
β
(1+
∗
y)−
ηα
β
= 0, (52)
where η denotes the dimensionless constant
η =
(
A1
A2
)(α−1)
. (53)
Thus, for any given α and β we have two equations for three unknown, viz.,
∗
x,
∗
y and η. Obviously,
there are infinite solutions to these equations. Thus, in order to restrict them we should impose
some physical conditions, in addition to the evident requirement
∗
x> 0,
∗
y> 0 and η > 0.
4.2 The dominant energy condition
Note that, for the late epoch described by a2, the dominant energy condition is automatically
satisfied by virtue of (45), so that it needs not to be considered as a constraint. Now, the positivity
of y requires (47), which in turn guarantees the positivity of the matter density (35).
The dominant energy condition in the epoch described by a1 sets a lower limit on
∗
y, while
∗
x> 0
gives an upper bound. Namely, from (23) and (51), we find
β(3α− 2)
[2α(2 + α)− β(3α− 2)]
<
∗
y <
β
α− β
. (54)
It should be mentioned that the denominator here is positive in the whole range of values for α and β.
We note that (54) subsumes condition (32), for all α. It also subsumes condition
∗
y> (3β−2)/(3−β)
required for the positivity of Λ in (36), except for models where β is close to its maximum value
β ≈ 3Ω¯m. But, these models are excluded by recent cosmological data, as we will see bellow.
Next, from (52) we obtain
η =
β(1+
∗
y)[(α−β)/(1−β)]
(α− β)
[
β
(α− β)
−
∗
y
]
−1
. (55)
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Thus, by virtue of (54), η is always positive as required.
In summary, for every α and β, the dominant energy condition provides the range of
∗
x and
∗
y for which the metrics (9) and (10) can be matched. Therefore, without contradicting physical
requirements, the cross-over from decelerated to accelerated expansion can be depicted as a phase
transition of first-order.
4.3 The redshift z
The description of the evolution of the universe in terms of x and y is impractical because they are
not observed quantities. Our purpose now is to express them in terms of z, the redshift of the light
emitted at time t, which is the directly observed quantity used in research on distant objects.
The connection between the scale factor and the redshift parameter is given by
a(t) =
a(t¯)
1 + z
. (56)
At the present time z = 0. Thus, using (29) we obtain the relationship between y and z. Namely,
z2(y) =
(
1 + y¯
1 + y
)1/(1−β)
− 1. (57)
For the early evolution described by (9), using (14) we obtain
z1(x) = ζ
(
1 + x
x
)1/(α−1)
− 1, (58)
where
ζ =

 ∗x
1 +
∗
x


1/(α−1) (
1 + y¯
1 +
∗
y
)1/(1−β)
, (59)
which guarantees that z1(
∗
x) = z2(
∗
y).
The above formulae allow us to translate the discussion from the theoretical x-and-y-language
into the practical z-language.
5 The era of transition
In this section we discuss the “thin” era sandwiched between, the end of the early evolution described
by a1, and the beginning of the late evolution of the universe, as described by a2.
First we note that the dominant energy condition allows different parts of the universe to evolve,
from one phase to another, at different values of x (or z). Therefore, there is no reason to expect
that the transition from decelerated to accelerated cosmic expansion is an instantaneous event,
occurring simultaneously all over the universe.
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This picture corresponds to the creation of bubbles of new phase, in the middle of the old
one, typical of first-order phase transitions. These bubbles expand and collide until the old phase
disappears completely and the phase transition is complete.
Our formulae allow us to predict the epoch when the bubbles of accelerating phase start forming
and when the transition is complete. In fact, using (54) and (57) we find
∗
zmin <
∗
z <
∗
zmax, (60)
where
∗
zmin =
[
(3Ω¯m + 2β − 2)(α− β)
α(3Ω¯m − β)
]1/(1−β)
− 1, (61)
and
∗
zmax =
[
[2α(α+ 2)− β(3α− 2)](3Ω¯m + 2β − 2)
2α(2 + α)(3Ω¯m − β)
]1/(1−β)
− 1. (62)
This can also be expressed in terms of the universal time. First, we note that the time
∗
t at which
the transition occurs is given by,
∗
t= t¯

 ∗y
y¯


β/2(1−β)
, (63)
where y¯ and t¯ are provided by (46) and (48). Then, using (54) we find that
∗
tmin <
∗
t <
∗
tmax, (64)
with
∗
tmin = t¯
[
β(3α− 2)(3Ω¯m − β)
(3β − 2)[2α(2 + α)− β(3α− 2)]
]β/2(1−β)
, (65)
and
∗
tmax = t¯
[
β(3Ω¯m − β)
(3β − 2)(α− β)
]β/2(1−β)
. (66)
Simultaneous transition: We note that for α = 6,
∗
tmax =
∗
tmin and
∗
zmax =
∗
zmin. Which means
that the transition occured at the same time, all over the universe (regardless of Ω¯m and the choice
of β), if the very early universe was filled with stiff matter p = ρ.
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5.1 The transition for different primordial scenarios
The question we want to elucidate here is how the details of the transition depend on the equation
of state of the primordial matter. Specifically, when does it start?, how long does it take?
The above formulae depend on three parameters, viz., α, Ω¯m and β. Parameter α is related to
the equation of state of the primordial matter in the very early universe; α = 2, 3, 4, 6 correspond
to a network of cosmic strings; dust; radiation and stiff matter, respectively.
Measurements of the density parameter today, based on dynamical techniques, indicate that
Ω¯m ≈ 0.1 − 0.3. Here, in order to get some explicit results, we take Ω¯m = 0.3, which seems to be
favored by observations.
Regarding β, besides the constraint (47), the theory provides no mechanism, in terms of basic
principles, to specify its exact value. However, an estimated value comes from the age of the
universe. Indeed, from (48), it follows that
F (Ω¯m, β) = t¯H¯, (67)
which is an equation that allows us to get β as soon as we provide t¯, H¯ and Ω¯m.
Recent cosmological data from WMAP [12] indicate that the age of the universe is 13.7 ± 0.2
Gyr. If we take t¯ = 13.7Gyr and H¯ = 0.7× 10−10yr−1, then
β = 0.700. (68)
We will take this value in the examples bellow.
5.1.1 When does the transition start?
Here we restrict the discussion to 2 ≤ α ≤ 6, because for α < 2 the early universe is in a state of
accelerated expansion from the beginning.
The first conclusion from our equations is that the transition started very “recently”. Namely,
it sets off at
z = (1.03, 1.13, 1.28, 1.55), t = (5.0, 4.6, 3.9, 2.9) Gyr, (69)
for α = (2, 3, 4, 6), respectively. We notice that recent in terms of z has not the same meaning
as recent in terms of t. For example, for stiff matter z = 1.55 is close z = 0, which is the present.
But t = 2.9Gyr is far from 13.7Gyr, which is the age of the universe.
The important result is that the transition is “almost” insensitive to the equation of state in the
very early universe; it begins at approximately the same redshift era, viz., z ∼ 1 − 1.5, for a wide
variety of primordial matter.
5.1.2 How long does it take?
The time-span δt = (
∗
tmax−
∗
tmin) taken for the transition to complete decreases (increases) with the
increase (decreases) of α. Namely,
δt = (9.9, 3.1, 1.1, 0)Gyr, (70)
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for α = (2, 3, 4, 6), respectively.
Clearly, the duration of the transition depend on how “stiff”, or “soft” is the primordial matter;
the softer the equation of state, the longer the transition.
Let us consider some examples in more detail.
Dust: For α = 3 the transition starts when the universe is about 4.6Gyr and terminates when it
is about 7.7Gyr. In terms of the redshift, the era of transition extends over the interval
∗
z ∈ (0.59, 1.13). (71)
Radiation: For α = 4 the transition starts when the universe is about 3.9Gyr and terminates
when it is about 5.0Gyr. In terms of the redshift, the era of transition extends over the interval
∗
z ∈ (1.03, 1.28). (72)
Stiff matter: As it was mentioned before, for α = 6, the transition is an instantaneous phe-
nomenon, which occurs everywhere at the same redshift. In the case under consideration,
∗
zmin =
∗
zmax ≈ 1.55. The transition starts earlier than for any other type of primordial mater
5.2 The transition for primordial radiation
Let us consider in more detail the transition for the case where the primordial universe consists of
radiation and ultra-relativistic matter, which is the most accepted scenario.
For β = 0.7, we find y¯ = 0.5 and 0.171 <
∗
y < 0.212. Consequently, the transition occurs in the
narrow era given by (72), or
∗
z = 1.16± 0.12. (73)
The dominant energy condition requires
∗
x < xmax = 0.2. In principle, different parts of the universe
can start the transition at different times3; each
∗
x ∈ (0, 0.2) corresponds to a precise z within its
range (73).
In order to see the fitting formulae at work, let us take
∗
x = 0.1. Then, from (51) and (55) we
obtain
∗
y = 0.189 and η = 62.216, respectively. This corresponds to
∗
z = 1.17,
∗
t = 0.32t¯ ≈ 2Gyr, (74)
C1 = 1.297H¯
−3/4, C2 = 0.722H¯
3/7,
A1
A2
= 3.962, (75)
and
ζ = 0.975 (76)
3From (14) it follows that a ∼ x1/3, for α = 4 and small values of x, which means that x is proportional to the
volume of the radiation-dominated early universe at the moment of transition.
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Let us now collect results and outline the evolution of the universe according to our model.
As the early universe expands the deceleration parameter increases with time, viz.,
q1 = 1 + 5x, x = C
−2
1 t
3/2, x =


(
z + 1
ζ
)3
− 1


−1
, (77)
where ζ and C1 are given by (75) and (76), respectively. Note that the largest observed redshift so far
z ∼ 1100, which is that of the CMB (the surface of last scattering), corresponds to x = 0.695×10−9.
So that q1 = 1 in that era, as it should be for radiation. Then, it remains positive throughout
the whole early evolution, including the epoch of reionization of the intergalactic medium, which
occurred at z ∼ 11− 6 (x ∼ 5× 10−4 − 3× 10−3) [64]-[65].
The early evolution described by (9) ends by z = 1.16 ± 0.12, when the universe is about
(4.4 ± 0.5)Gyr years old4. Then, there is a phase transition where the deceleration parameter
changes from (77) to
q2 = −0.65 +
0.05
y
, y = C22 t
6/7. (78)
For
∗
x = 0.1, the deceleration parameter jumps from q1 = 1.5 to q2 = −0.385, at z = 1.17. From
then on, i.e., for z < 1.17 the universe is speeding up its expansion.
What is important here is that the deceleration parameter today is q2 = −0.55, regardless of
the specific choice of
∗
x ∈ (0, 0.2), which follows from (46) for Ω¯m = 0.3.
The densities ρ1 and ρ2 are continuous during the transition. However, the pressure is discon-
tinuous. To be precise, it is positive during the early evolution (∞ < z < 1.16± 0.12), viz.,
8πGp1 =
1 + 10x
4t2(1 + x)2
, 0 ≤ x ≤ 0.2, (79)
and is negative during the late evolution (z < 1.16± 0.12). Specifically,
8πGp2 =
0.4y − 9.2y2
0.49t2(1 + y)2
, 0.171 ≤ y ≤ 0.5. (80)
We have already mentioned that a negative pressure can be associated with the energy of a slowly
evolving cosmic scalar field. The paradigm is that the energy density and pressure of the universe
can be separated in components; ordinary matter and a dark energy, which can be modeled by a
scalar field. Namely,
8πGρ = 8πGρm +
1
2
φ˙2 + V (φ),
8πGp = 8πGpm +
1
2
φ˙2 − V (φ). (81)
4We note that the specification of an era in terms of the physical time t strongly depends on the details of the
model, while z depends only on the FRW nature of the metric and the assumption of flat geometry. Said another
way, the same z might corresponds to very different t’s, depending on the model.
At low redshifts the universe is matter dominated. Consequently,
8πGp = φ˙2/2− V (φ). (82)
for the most part of the evolution of the universe. Thus, the discontinuity in p is produced by a
discontinuity in the evolution of the scalar field.
The evolution of φ, which is determined by the equation
φ¨+ 3
a˙
a
φ˙+
dV
dφ
= 0, (83)
has two qualitatively different regimes. The slow-evolving regime corresponds to the late evolution
of the universe, with negative pressure, where V dominates over the kinetic term φ˙2/2. For V ≫ φ˙2,
the potential mimics a variable cosmological term, and the energy density of the universe splits up
as ρ2 = ρ2m + Λ/8πG, with
8πGρ2m =
7y2 + y
1.225t2(1 + y)2
, Λ =
23y2 − y
1.225t2(1 + y)2
, 0.171 ≤ y ≤ 0.5. (84)
The rapidly-evolving regime corresponds to the early evolution of the universe, with positive pres-
sure, where the kinetic term φ˙2/2 dominates over V . For φ˙2 ≫ V , the field energy approximates
the effect of a perfect fluid with the equation of state pφ = ρφ. For the case under consideration the
energy density of the universe splits up as ρ1 = ρ1m + ρφ, with
8πGρ1m =
1− 5x
2t2(1 + x)2
, 8πGρφ =
1 + 10x
4t2(1 + x)2
, 0 ≤ x ≤ 0.2. (85)
5.3 Latent heat
We note that although the total energy density is continuous at the transition, the discontinuity in
the scalar field induces a discontinuity in the density of ordinary matter. In our case, for the typical
values x = 0.1 and y = 0.189, we get ρ2m ≈ 1.23ρ1m.
This is perfectly consistent with the notion that first-order phase transitions involve a latent
heat, which is either absorbed or released during the transition.
In the present context, the latent heat is the kinetic energy of the scalar field accumulated during
the early evolution of the universe. Then, during the transition this energy is released; 88% goes to
the formation of the cosmological term, while the rest 12% transforms into ordinary matter.
6 Discussion
We have seen that the recent accelerated cosmic expansion appears as a natural consequence of
embedding our universe, as a dynamical four-dimensional hypersurface, in the five-dimensional
bulk spacetime given by (3). This acceleration is an effect from the gravitational field in the bulk,
which is transmitted to 4D through the dynamics of spacetime sections Σ : y = f(t).
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We arrive at this point of view after calculating the effective matter density ρeff induced on Σ,
which can be separated in two parts [56]
ρeff = ρ0 + ρf . (86)
where5
8πGρ0 = 3
(
a˙
a
)2
+
3k
a2
,
8πGρf = 3

2a˙a′
a2
f˙ +
(
a′
a
)2
f˙ 2

 . (87)
The first term ρ0 is the usual general relativity term recovered on Σ : y = y0 hypersurfaces, while
the second one is a “higher-dimensional” correction. Similarly, the effective pressure peff can be
separated as
peff = p0 + pf , (88)
with
8πGp0 = −
(
2a¨
a
+
a˙2
a2
)
−
k
a2
, (89)
8πGpf = −
[(
4a˙′
a
+
2a˙a′
a2
)
f˙ +
(
2a′′
a
+
a′2
a2
)
f˙ 2 +
(
2a′
a
)
f¨
]
. (90)
Thus, the solutions of (6) lead to two distinct situations. If f = constant, then ρf = pf = 0 and the
effective matter content in 4D is identical to the one in four-dimensional general relativity, i.e., ρ0
and p0. For the dynamical embedding provided by the second solution (8), neither ρf nor pf vanish.
Therefore, they play a crucial role in the evolution of the universe. Indeed, ρf and pf look as the
density and pressure of some “new” matter and represent higher-dimensional corrections (due to
the motion of the spacetime section Σ : y = f(t) in the bulk) to the ordinary matter quantities in
four-dimensional general relativity.
From a four-dimensional point of view, not aware of the extra dimension, these new matter
terms are associated with some kind of “dark” energy, which is modeled in different ways, e.g., as a
cosmological term or quintessence, as we did at the end of section 5.2. In this context, the cross-over
from decelerated to accelerated cosmic expansion can be interpreted as a first-order phase transition
associated with a discontinuity in a Higg’s-type scalar field. Which in turn might suggest that the
underlying mechanism for the transition has to do with quantum effects6.
Regarding the model discussed here, it is important to emphasize that, although metrics (9)
and (10) seem to be different, they represent the same spacetime in different parameterization.
5Here a = a(t, y)|y=f(t) denotes the cosmic scale factor induced on spacetime sections Σ : y = f(t) and k =
0,+1,−1. Also a˙ and a′ denote ∂a/∂t and ∂a/∂y, both evaluated at y = f(t), respectively [56]. Thus, matter
quantities depend on t, but not on y.
6This leads to conjecture that there might be an intricate connection between extra dimensions and quantum
effects that, eventually, can lead to phase transitions at the macroscopic level.
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We also note that the dominant energy condition plays a decisive role, for setting the limits of
applicability of these models, and also for giving the era of transition with great precision (z =
1.16± 0.12 for primordial radiation).
In our model, the deceleration parameter as well as the equation of state of the universe depend
only on the density parameter Ωm. We obtain
q¯ = (−0.55, −0.7, −0.85), w¯ = (−0.7,−0.8,−0.9) for Ω¯m = (0.3, 0.2, 0.1), (91)
respectively. These results are consistent with observations and other studies. In particular, they
are similar to those obtained for quintessence [61], tracker fields [62], braneworld theory [44]-[45],
model independent analysis of the redshift from SNe and radio galaxies [58]-[59], and Friedmann
thermodynamics [66].
It is remarkable that similar results are obtained from very different approaches. If we use that
Ωm + ΩΛ = 1, then our formulae for the deceleration parameter (42) and the equation of state of
the universe (45) can be written as
q = 2−
3
2
(Ωm + 2ΩΛ), (92)
and
w = 1− Ωm − 2ΩΛ. (93)
These expressions are identical to those obtained in braneworld models with variable vacuum energy
[44], on a fixed hypersurface Σ0 : y = y0. They reduce to the appropriate FRW-counterparts for
ΩΛ = 0 and Ωm = 1. In particular we obtain q = 1/2 and w = 0 as in the dust-FRW cosmologies.
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